The closed analytical expression for the Uehling potential is derived. The Uehling potential describes the lowest-order correction on vacuum polarisation in atomic and muon-atomic systems.
The effect of vacuum polarisation in light atoms and ions has attracted significant theoretical attention, since the early days of Quantum Electrodynamics [1] - [3] (see also discussion and references in [4] ). In 1935 Uehling [5] has produced the following formula for the interaction potential between two electric charges (Qe and e) which contains an additional term responsible for the electric polarisation of the vacuum φ(r) = Qe r 1 + 2α 3π · +∞ 1 exp(−2α
where we have used the atomic unitsh = 1, m e = 1 and e = 1. Here and henceforth α = e 2 hc is the fine structure constant (α −1 ≈ 137.03599911, see, e.g., [6] ). The additional potential U(r) in Eq. (1) is the Uehling potential which is generated by the lowest order radiative correction to the electrodynamic Green's function, or photon Green's function, for short (for more details, see, e.g., [7] , [8] , [9] ). As follows from Eq.(1) in light atoms the Uehling potential differs from zero only for very short atomic distances r ≤ Λ e , where Λ e =h mec = αa 0 ≈ 3.861592 · 10 −11 cm is the Compton wavelength of the electron and a 0 is the Bohr radius.
In numerous books and textbooks on Quantum Electrodynamics (see, e.g., [7] , [8] ) one can find a statement that the integral in Eq.(1) 'cannot be evaluated in closed form but is easily solved numerically'. In other words, it is widely assumed that the analytical expression for the U(r) potential does not exist. In order to show that this statement is incorrect we proceed to obtain the closed analytical form for the Uehling potential U(r). First, consider the following integral
where a is some positive numerical parameter. By using the substitution ξ = cosh x we reduce I U to the form
where K 0 (a) is the modified Bessel function of zero order (see, e.g, [10] , [11] , [12] ), i.e.
where ψ(k) is the Euler psi-function defined by Eq.(8.362) from [10] . The functions Ki 2 (z)
and Ki 4 (z) in Eq.(3) are the recursive integrals of the
where n ≥ 1. By using the relation given by Eq.(11.2.14) from [11] for the recursive integrals
Ki n (z) (where n ≥ 0) one can reduce Eq.(3) to the following form
In the present case we have z = a = 2br and the explicit formula for Uehling potential U(r) = U(2br) takes the form
where the notation Q stands for the electric charge of the nucleus and b = α −1 . Now, Eq. (1) takes the form
In atomic units this potential coincides with the Coulomb interaction energy between the nucleus (electric charge is Qe) and the electron e. The potential Eq. (7) includes the lowestorder correction to the vacuum polarisation. As expected in atomic units this expression depends only upon the fine structure constant, i.e. upon the universal constantsh and c, and electric charge e (and Qe). The electron mass m e is also included in this formula, since the dimensionles variable r in Eq. (7) is r = r a 0 = rmee 2 h 2 , where a 0 is the Bohr radius. For muonic-helium atoms [13] , [14] one needs to replace here r → r mµ me
. In this study we do not want to discuss the vacuum polarisation in muonic atoms and ions. Note only that the generalisation of these formulae to the case of two interacting electric charges q 1 and q 2 is obvious and simple (see below).
By using the known formulae for the limiting forms of the K 0 (2br), Ki 1 (2br) and Ki 2 (2br) functions (see, e.g., [10] , [11] and [12] ) one finds the asymptotics of the Uehling potential which correspond to the cases when r ≪ αa 0 = Λ e and r ≫ αa 0 = Λ e , respectively. In particular, the short range asymptotic of the φ(r) = Q r + U(r) potential, Eq. (7), takes the form (in atomic units)
where γ ≈ 0.5772156649 . . . is the Euler constant (see, e.g., [10] ) and ln α ≈ −4.92024365857.
The long-range asymptotics of the potential φ(r), Eq. (7), is (in atomic units)
Note that the long-range asymptotics of φ(r) decreases with r exponentially. This is not correct physically, since the exponential function vanishes at r → +∞ very rapidly. In reality, such incorrect asymptotics of the interaction potential φ(r) at large distances r are overweighted by the lowest order QED correction to the electromagnetic field (E, H), or to the pure electric field E in our case, where H = 0. Such a correction provides the correct power-type dependence of the interparticle potential at large disctances. It is directly related to the non-linearity of the Maxwell equation for the EM-field [7] , [15] .
The lowest order QED correction to the electric field is described by the Wichmann-Kroll potential W K (r) (in atomic units) [15] , [16] 
Note that this potential is not regular at the origin. However, as follows from the Appendix of [16] such a singularity is formal, since the quibic equation (see Eq. (7) from [16] ) which is used in the derivation of W K (r) is nor correct at r = 0. The singularity at r → 0 can be removed with the use of the substitution r → r +α in atomic units, or r → r +αa 0 in regular units. It removes the singularity of the W K (r) potential at r = 0 and changes its behaviour at short interparticle distances r ≤ α. However, at such distances the Wichmann-Kroll correction is not important and its contribution is significantly smaller than contribution from the Uehling potential. On the other hand, at large distances, e.g., for r ≥ 10αa 0 in light atoms, the contribution from the Wichmann-Kroll potential plays a leading role. Finally, we can write the correct expression for the Wichmann-Kroll potential W K (r)
This expression can directly be used in calculations of light atoms and ions.
It is clear that the potential W K (r), Eq. (11), is always negative. In general, at r ≈ a 0 this potential is very small in its absolute value. However, its overall contribution rapidly increases with the nuclear charge Q. Furthermore, it decreases with the distance r as ∼ r −5 ,
i.e. non-exponentially. It is clear that at large distances the Wichmann-Kroll correction will always exceed the contribution form the Uehling potential U(r), Eq.(7). Finally, we can say that the following interaction potential (in atomic units) of the two point electric charges
Qe and e
has the correct asymptotic behaviour both at small and large interparticle distances. In the case of the interaction between two point electric charges q 1 e and q 2 e we need to replace in Eq. (12) 
where r 12 is the distance between particles 1 and 2. Now, by taking into account our explicit and relatively simple three-term formula, Eq.(6),
we can reject a widely spread conclusion that the Uehling potential cannot be represented by the closed analytical formula. Moreover, we have found that such a simple analytical formula drastically simlifies theoretical analysis of vacuum polarization in light atoms and ions. In our next study we are planning to discribe the procedure of Coulomb quantisation for the Uehling potential. Note that our numerical algorithms based on Eqs. (12) - (13) are very fast and effective for accurate calculations of atomic systems. Briefly, we can say that the use of this closed analytical formula for the Uehling potential opens a new avenue in investigation of the vacuum polarisation in light and heavy atoms and ions and muonic atoms and ions.
